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2
Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax’ +bx+c=0,

~-bx+b’ -4ac

2a

X =

Binomial Expansion

(a+b) =a" +(’:j a"”b+(’21]a"‘2b2 +. ..+(n)a""b’ +...+b",
r

n! _n(n—l)...(n—r+1)

r!(n-r)! B r!

. ce h
where 7 is a positive integer and [ ) =
,

2. TRIGNOMETRY

Identities
sin? A+cos’ 4=1
sec’ A=1+tan’ 4
cosec’ A=1+cot’ 4
sin(4+ B)=sin Acos B+ cos Asin B

cos(A-I_-B)=cosAcosB$sinAsinB
tan A+tan B
1Ftan Atan B
sin24 =2sin Acos 4
cos2A = cos®* A—sin®> 4=2cos’> A-1=1-2sin’ 4

tanzAz_ﬂi‘%A_
I—tan“ A4

tan(A4+B)=

Formulae for AABC
a b c

sind _sinB sinC
at =b*+c*-2bccos A

A=-1—bcsinA
2
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1
A
V2 em
B 243 em ¢
The diagram above shows a right-angled triangle ABC, where AB=+/2 cm, and
BC=+2+3 cm.
(2)  Find the exact value of tan ZACB in the form of a + \/Z , Where g and b are (2]
integers.
tan ZACB = V2 XJE'JE
V243 V2-43
_2-6
2-3
=-2+/6
(b)  Hence, find the exact value of sec’ ZACB in the form m + nlk , Where m and (2]

n are integers.

sec? A=1+tan’ 4
=1+(/6 -2)
=1+6-4/6+4

=11-46
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2 A container has a capacity of 840 cm’® and is initially filled completely with water. The volume,
¥ cm’®, of water in the container is givenby V = h* +2h where h cm is the height of the water
level in the container. Due to leakage at the bottom of the container, the height of the water leve

. ) 5t . .
in the container decreases at a rate of 3 cm/s, where ¢ is the time in seconds.

(a) Findthe initial height of the water level in the container.

atz=0, V=840

h* +2h =840

h*+2h-840=0
(h—28)(h+30)=0

h=28 or h=-30 (rejected)
.. Initial Height =28 cm

2
(b) Show that the height of the water level  can be expressed as h = —§2—+ 28 .
5t
h=|-—dt
I3
5¢
=——+cC
6
when t =0, h =28,
28=0+c
c=28

2
Sh= —5—;— +28 (shown)

(¢) Find the rate of decrease of volume when f=3.

iIi=2h+2
dh

dr _-5(3)
& 3
=-5
when ¢ =3,
h= ﬂ+28
6
=20.5

Y _220.5)+2
dh

=-215¢cm’ /s

Rate of decrease = 215cm’ /s
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3 (@ Find ad;(xe%x). (2]

1 1 1
%(xezxj =xe? (%) +e?
1 1
=%xe2 +¢e2

1
Accept e? (%x + l)

1
(b)  Hence evaluate _[: xe? dx, leaving your answer in the form k(€2 + 1) ,where kisa [5]

constant to be found.

4
4 1 lJc lx lx
I—xe’ +e? dx=| xe?
02
0
4

4 lJc lx lJc
Io xe? +2e2 dx=2[xe2 }

0

4 lx lx ) 4 -l—x
I xe? dx=2[xe2 } —I 2e? dx
0 0 0

17 1T
= Z[xe?] *[46?]
0 0
=2[4e* -0]-[4¢® 4]
=8e? —4e® +4

=4e*+4
=4(e’ +1)
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6

4  Intriangle ABC below, 4B=x cm, BC=y cm, AC= 14 cm and angle ABC =120°.

xXcm

(a) Using cosine rule, form an equation involving x and y. (1

14% = x* + y* = 2xy co0s120°
196 =x"+y" +xy

(b) Given that the perimeter of triangle 4BC is 30 cm, find the exact area of triangle [4]
ABC.

x+y+14=30
x=16-y - [1]
196 = x>+ y* + xy ——- [2]
sub [1] into [2]
196=(16—y)’ +y* +(16-y)y
196 =256-32y+y* +y* +16y ~
y*-16y+60=0

(y-6)(y-10)=0
y=6 or y=10

x=10 or x=6

Area of AABC = %(1 0)(6)sin120°

(2

=153 cm?
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7
S (i) By considering the general term in the expansion of (xs + —1—j , explain why there  [2]
x

are no even powers of x in its expansion.

e
_ [Z)(x)35_5r x
-

67 is always even by all non-integers of r.

35—6r is always odd.

. There are no even powers of x in its expansion.

7
(i) Given that the coefficient of x° in the expansion of (xs + —I—J +(kx + 3)7 is 1344, [4]
x

where £ is a positive constant, find the coefficient of x* in the expansion.

21k° =1344
k=2 or k=-2 (rejected)

.. coefficient of x* =15120
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6 Inthe diagram below, TAX and TCY are tangents to the circle at 4 and C respectively.
AC meets TD at E. D is on BC such that TD is parallel to 4B.

(i)  Prove that angle ACB is equal to angle ATD. [2]

LATD = ZXAB (corr angles, AB//TD)
= /ACB (alternate segment theorem)
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(i)  Explain why a circle can be drawn passing through the points 7, 4, D and C. 1]

Since ZATD = ZACB, they fulfil the property of angles in the same segment.
~. A circle can be drawn passing through the points T, 4,D and C.

(iii) Hence prove that CE x AE = DExTE . [3]

LATE = ZDCE [from part (a)]
ZLTEA = ZCED [vert opp £]
. AATE is similar to ADCE (AA similarity test)

L (Ratio of corr sides of similar triangles are equal)

CE ED
CE x AE = DE xTE (proven)
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7  The diagram shows a solid cylinder of radius » cm and height 4 cm inscribed in a hollow
cone of height 45 cm and base radius 20 cm. The cylinder rests on the base of the cone and
the circumference of the top surface of the cylinder touches the curved surface of the cone.

(i)  Show that the volume, V’ cm’, of the cylinder is given by V = 457r* — 3— zr. [3]
45-h _r
45 20
20(45—h) =457
900—20h =45r
h= 900 —-45r
20
=45~ 2 r
4
V =nar’h

9
=nr’(45—-=r
( 2 )

= 457r? —%7#3 (shown)
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(ii)  Given that r can vary, find the maximum volume of the cylinder, leaving your [5]
answer in terms of 7.

. L
dr 4

when V is max,

Orr ——2417#2 =0

ﬂr(90—£rj =0
4
1

r=0 or r=13-

(rejected)

2
9—12/=907r—£7—ﬂr
dr 2

when r = 532,

v 27 (ﬂ)_)

F= 907[—77[

=-282.74
<0

d’v 8000~

Since = <0, V= cm’ is a maximum volume.

(iii) Hence show that the cylinder occupies at most % of the volume of the cone. [2]

Volume of cone = —;-7r(20)2 (45)

= 60007
8000~

3
60007~

c.ratio =

4
=— (sh
5 (shown)
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8 (a) Find the value of 4 and of b for which {x:x<-3.5 or x>2} is the solution set of [3]

b<x®+ax.

Rx+7)(x-2)>0
2x* +3x-14>0
x> +ax-b>0
2x* +2ax—-2b>0
2a=3

a=1.5
2b=14

b=7

x2+1.5x>7

()  Find the range of values of p for which y = x* — px—3x~ p is always positive. (3]

b*—4ac<0
(-p-3)-4)(-p)<0
p*+6p+9+4p<0
p+10p+9<0

(p+D(p+9)<0
9<p<-1

(c) Explain whether the line y =-5x—2 intersects the curve y =kx* +3 where k<1.  [3]

2025 Prelim

—5x-2=k* +3
o +5x+5=0
b* —4ac =25-4k(5)
=25-20k
k<1
—20k >-20
25-20k>5

>0
Since b* —4ac > 0, for k <1, the line intersects the curve.
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9 ()  Express 5sin’ x—cos’ x—1 in the form 1—kcos2x. [2]
Ssin 5 cos® x_lzs(l—COSZx)_ cos2x+1j__l
2 2
_2_3cos2x 1 §2x———1
2 2
=1-3cos2x
(i)  State the amplitude and period, in radians, of 5sin’ x—cos’x—1. (2]
S5sin’ x—cos’x~1 = 1 — 3cos2x
Amplitude =3
Period =2—”
2
= 7 radian
. 2 2 V4 V4 (3]
(iii) Sketch the graph of y = 5sin* x—cos’ x—1 for 5 <x< 7

sk

2 id 0 ni4 2 3r/4

(iv) By drawing the line y= 1—53—{ on the same axes, state the number of solutions to [2]
V4

the equation 27 —3x = 27r(5 sin® x — cos’ x—l) in the range —% <x< —725 .

——ix+1
¥ 27

.. Number of solutions = 2.
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10

21m B

The diagram shows a quadrilateral field ABCD, where 4B = 21 m, BC = 3 m and
angle ABC = angle ADC = 90°. Angle BAD =6 and can vary. The perimeter of the fencing
around the quadrilateral field 4BCD is P m.

(i)  Show that P=24+18cosf+24sind. [3]

sin0=-lﬂ?—
21

BF =21sin8
EB

cosf =—
3

EB =3cosf
DC =21sinf@—-3cos 8

cosf@=—
21

AF =21cos0
sin0=£——

EC =3sin8
AD =21cos@+3sinf

Hence,P=21+3+21sin0—3cos9+210080+3sin0
=24 +18cos # +24sin & (shown)
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(i)  Express P in the form Rsin(@+ a)+24, where R>0 and 0° < a < 90°. [3]

R=+18% +24

=900
=30

18
tana =—
24

=36.8699°
=36.9°

5 P =30sin(6 +36.9°) + 24

(iii)  Given that the total perimeter of the fencing is 53 m, find the value(s) of 8. [2]

30sin(0 +36.8699°) + 24 = 53

sin(6+36.8699%) = 2>
30

Basic angle = sin™ (2)
30
=75.1649°

0+36.8699° =75.1649°,104.8351°
0 =38.3° 68.0°

(iv)  Explain why the total length of the fencing will never exceed a certain value and [2]
state this value.

~1<sin(0+36.9°) <1
~30 < 30sin(d +36.9°) < 30
—6 < 30sin(d +36.9°) + 24 < 54

The total length will not exceed 54m as the max length is 54m.
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11x+12
x*(x+4)

11x+12 _ 4 £+ C
(x+4) x x* x+4
11x+12 = Ax(x+4)+B(x+4)+Cx’
when x =0,

12=0+4B+0

B=3
when x = —4,

-32=0+0+16C

Cc=-2
when x =1,

23=54+15-2

A=2

11 (i) Express in partial fractions.

11x+12 2 3 2
St e
X

“xz(x+4)= X x+4

1x+12

(i) Hence find J—T——
x‘(x+4)

J121x+12 dx=J—2—+—3—— 2 dx
x(x+4)

= 21nx——3-—21n(x+4)+c
x
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12 The diagram shows part of the curve y =x* —7x+12, cutting the x-axis at 0.
The normal to the curve at P(2,2) meets the x-axis at R.
)}

A
y=x"-Tx+12

6—5— units? .
6

Gradient of normal = l

3
y=lx+c
3
at (2, 2)

2==+c¢

c=—

3

Equation of normal: y = é—x +-;£

R=(~4,0)
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when y =0,
x> -Tx+12=0
(x-3)(x-4=0
x=3 or x=4
0=0,0)

Area of shaded region = %(6)(2) [ -Txe12dx

3 3
_6+| XLy r12x
3 2

2

= 6+{(9——622+36)—(§—14+24)}

= 6% units®> (shown)
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2
Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax’ +bx+c =0,

_ b= \Jb* —4ac

x
2a
Binomial Expansion
n n n n-1 n n-212 n n-ryr n
(a+b) =a"+|  |a"b+| 1a"b +...+| la b +..+b",
1 2 r
. ! -1)...(n-r+1
where n is a positive integer and o P =n(n )--(7 r+l)
r) ri(n-r)! r!

2. TRIGNOMETRY

Identities
sin? A+cos* 4=1
sec’ A=1+tan’ 4
cosec’ A=1+cot* 4
sin( A4+ B)=sin Acos Bt cos Asin B

cos(AiB) = cos Acos B Fsin Asin B

tan A+tan B
1¥tan Atan B
sin2A = 2sin Acos 4
cos24 =cos? A—sin®> A=2cos> A—1=1-2sin* 4

PREIYE
1—tan” 4

tan(A4+B)=

Formulae for AABC
a b c

sin 4 B sin B - sinC
@ =b*+c*—2bccos 4

A=—1—bcsinA
2
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3
1 In 2020, there were an estimated 7 million insects of a particular species in a certain country.
In 2021, the numbers were estimated to have fallen to 5 million. Scientists believe that the
number of these insects, N million, can be modelled by the formula N =3+ ae™, where ¢ is the
time in years after 2020.
(a) Find the exact values of g and of &. [4]
(a) | When t=0,N=7.
7 =3+
a=7-3
=4
When t=1, N =5.
5=3+4¢0
2=4¢™*
et =2
4
k= ml
2
k=In2
(b) What is the approximate size of the population for large values of ? [1]
(®) | N=3+4e2
When ¢ is large, e "? becomes close to zero.
Thus, the approximate size is 3 million.
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4
2 The equation of acurveis y=px’ —(p+2)x+1, where p is a constant.
(a) Giventhat p >0, by completing the square, find the minimum value of y.
_n2
Express your answer in the form a_b_p_ , where a and b are integers. [3]
/4
@ | y=p—(p+2)x+1
Ao
2
| p+2 p+2 (pt2 1
2p 2p
:p[(x p+2 p+2j}+1
2p
.
= p| +2Y +1-P +4€+4
p 4p
2 2
=p x_p+2 +4p p-—-4p-4
2p 4p
2 2
_pl x- p+2 LP 4
2p 4p
2 —_—
Hence, the minimum value of y 1s p4
p
(b) Given instead that p <0, find the coordinates of the maximum point in terms of p.  [2]
® | (p+2 -p*-4
2p " 4p
2025 Prelim Mathematics / 4049/02 / Sec 4E5N [Turn over
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d 2
3 (a) Show that a(cotx)z——cosec X. 2]
@@ d
Ex—(cotx) %(cotx)
=i(c?sx) _i( 1 )——-(tanx)_l
dx \ sin x Cdx\tanx) dx

_ sinx(—sinx)—cosx(cos x)

sin® x
1

—sin® x—cos® x

sin’ x X
-l or ~1—cot’x = '—2
=— sin? x
sin? x ,
2 =—cosec’ x
=—_cosec’ x

=—1(tan x)—2 (8602 x)

tan® xcos” x

(b) A curve has equation y =e™ cotx, where a is a positive constant. There is exactly one

point in the interval —%—n <x <0 at which the tangent is parallel to the x-axis. Find the

value of a and state the exact x-coordinate of this point. [5]
d
(®) Y e (—cosec2 x) —ae " cotx
dx
=" (cosec2 x+acot x)
. . dy
The tangent is parallel to x-axis means e 0.
— " (cosec2 x+acot x) =0
Since ™ >0 for all values of x,
—(cose:c2 x+acot x) =0
cosec’ x+acotx =0
cot’ x+1+acotx=0
Since there is only 1 point, the above equation only has 1
solution, i.e. discriminant = 0.
2
a - 4(1)(1) =0
a=12
a=2(a>0)
cot’ x+2cotx+1=0
(cotx+ 1)2 =0
cotx=-1
tanx =-1
T
X=—=
4
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4 Ttis given that f(x)=3x"+ax’ —7x+3, where a is a constant, has a factor of x+1.

(a) Find the value of g and factorise f (x) completely. 4]

@ | £(~1)=3(~1) +a(-1)" -7(-1)+3
0=-3+a+7+3

a=-7
By long division,
f(x)=3x"-7x" -7x+3

= (x+1)(3x* ~10x+3)
=(x+1)(3x—1)(x-3)

(b) Solve the equation f(cot* @) =0 for ~90° <6 <90°. [3]
® ot o=-1 (rej) or cot’@ =§ or cot’8=3
cotd =13
00t6=i'J—3: 0 =+30°
6 = +60°
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(a) Prove the identity sin2x(acotx+btanx)=a+b+(a- b)cos2x , where g and b are

constants.

(4]

(a)

sin2x(acotx+btanx)= ZSinxcosx(

acosx . bsinx
sin x CoS X

=2acos’ x+2bsin’ x
=a(cos2x+l)+b(1——cost)
=acos2x+a+b-bcos2x

=a+b+(a—b)cos2x

(b) Hence solve the equation sm%6(3 cot%@ +5 tan%@) =7 for 0<0<4x.

(3]

(b)

3+5+(3—5)cos2 -0 =7
—-2cos| =@ |=-1

cos| —@ | =

basic angle = cos™ % =—
l6? is in 1** or 4% quadrant.

1 r or 2n—£
3
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6 (a) Solve the equation logs (3 y+ 1) 1
)

y

5+log28=4.

[4]

(a)

1
logs (3y +1)- g3

y

logs(3y+1)—log, y=4-log, 8

log5(3y+1) =4-log,2’

+log,8=4

(b) By expressing the equation 1n(6e" +1)+x =0 as a quadratic equation in ¢”, solve the

equation In (6e" + 1) +x =0, giving values of x in logarithmic form.

(4]

(b) 1n(6e" +1)+x =0
In(6e* +1) = —x
6e*+1=¢™

6(c*)’ +(e)-1=0

(3¢ ~1)(2¢"+1)=0

| x 1 .
e =— or € =-— (Ic
3 5 (rej)
1
x=In— or —In3
3
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7  The diagram shows the curve y = —;—(cos 2x+2cosx+1) for 0<x <n radians.

y

y =%(cos2x+2005x+l)

The point M is the minimum point of the curve, where the x-coordinate of M lies in the interval

T
—<x<7T.
2
(a) Find the exact coordinates of M. [5]
@) y=%(cos2x+2cosx+l)
Y_ l(—2sin2x—2sinx)
dx 2

=-sin2x—sinx
At min pt, 91:0.
dx

-sin2x—sinx=0
~2sinxcosx~sinx=0

—sinx(200sx+l) =0
) 1
—smx=0 or cosx=-——

T, .
=0 —
x=0or 5 (rej)
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BP~252

(b) Find the exact total area of the shaded regions bounded by the curve and the axes.  [4]

(b)

areazfz—;-(cos2x+2cosx+1) dx—J %(c032x+2cosx+1) dx
0 x
2

n

1 in2x % 1{ sin2x )
=— +2sinx+Xx ——2- 5 +2sinx+x

0

oo (o) o]

=2 units’

T
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8 The table shows Andy’s marks for his Mathematics practice papers each week.

Week x

1

2

3

4

5

6

Marks y

45

59

68

74

71

82

He believed that these figures can be modelled by the formula ¥y =91- Ae*, where 4 and k are

constants, by excluding one datapoint that does not follow the trend.

(@

2025 Prelim

On the grid below, by ignoring the datapoint that does not follow the trend, plot
In(91-y) against x and draw a straight line graph.

(2]

Mathematics / 4049/02 / Sec 4E5N
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(b) Use the graph to estimate the value of each of the constants 4 and k. [5]

(b) | Transforming the equation:
y=91-4e"
91—y = 4e”
In(91-y)=InA4+Ine”
In(91-y)=In4+kx

Using 2 points on the line (1, 3.8) and (3.5, 3),

3.8-3
dient = =032
gradien 135

Reading off the Y-intercept, we have 4.15
The equation of line is

In(91-y)=-032x+4.15

By comparing,
In4=4.15 k=-0.32

A=634(3s.f)

(c) Suggest a possible reason why one of the marks does not seem to follow the trend.  [1]

(c) | Any reason within the context

- The lower mark on week 5 was
likely to be due to a harder paper.

- Andy might have been ill.

(d) From your straight line graph, estimate the expected marks for the datapoint that was
excluded. [2]

(d) | The datapoint is (5, 71)
Based on the straight line graph, the reading should be 2.5.

The expected marks 1s
In(91- y)=25

y=T79
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The equation of a circle is x* + y* ~8x-4y+15=0.

(a) Find the radius and coordinates of the centre of the circle.

BP~255

[3]

x*+y?~8x—4y+15=0
X —8x+47+y* —4y+22 =421 22 15
(x-4) +(y-2)" =5

Radius is \/—5— units
Centre (4, 2)

Two points are given by 4(5,-2) and B(9,2). The perpendicular bisector of AB cuts the

circle at point C and D.
(b) Find the coordinates of C and of D.

[6]

Midpoint of 4B = (5;9 —2+2 )
2 2
~(7,0)
Equation of perpendicular bisector is
y=0=-1(x-7)

y=-x+1

(x-4) +(-x+7-2)"=5
x*—8x+16+x* —10x+25=5
2x* —18x+36=0
x*—9x+18=0
(x—3)(x-6)=0

x=3 or x=6

y=4 y=1

The coordinates are (3, 4) and (6, 1).

Substituting equation of line into equation of circle:
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(¢) Find the shortest distance from the origin O to the line segment CD, giving your answer
in the form k+/2 , where k is a constant to be determined. i3]
(©) 10 6 3 0
Area of OCD =—
20 1 4 0

=%[(0+24+0)—(0+3+0)]

105

Length of CD =/(3-6)’ +(4-1)’
T
=32

10.5
“x3\2
7* 3?2

shortest dist =

7

NG
1/

2

Alternatively,

The perpendicular line from O to CD has gradient 1,
since the gradient of CD i1s —1.

Thus the perpendicular line has equation y = x, since

the y-intercept 1s 0.

Intersecting the 2 lines y=x and y=-x+7, we

have
x=—x+7

2x=17

The point on CD shortest distance from O is (%, %) .

Thus, the distance is

T -

7
==\
2J'
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10 A particle travels in a straight line so that its displacement, s m, from O at time ¢ seconds, where
t 20, is modelled by s =¢° ~§t2 +6r+1.

(@) Find the values of ¢ for which the particle is instantaneously at rest. [3]

@ y=3_gp -9t +6
dt

When particle is at instantaneously rest, v = 0.

37 -9t +6=0
£*=3t+2=0
(r-1)(r-2)=0
t=1 or t=2

(b) The particle’s acceleration is 15 m/s> at T seconds. Find the total distance travelled by

the particle in the interval =0 to t=T. [4]
®) a=ﬂ=6t—9

dr

Whena=15, 6T-9=15
T=4
When t=0,s=1
When t=1,5s=3.5
When t=2,5=3
When t=4,5=17
Total distance =(3.5—1)+(3.5—3)+(17—3)
=17 c=1

-
&t

0

=
o

s=4
tes 17

(c) Explain clearly why the answer found in part (b) should not be obtained by finding the
value of s when ¢ =T . [2]

(c) | Even though the numerical value is the same, the particle
turned twice (at least once), thus will need to account for the
additional distance. Also, evaluating s at £ =T only gave the
distance of the particle from O, which is not what is required.
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11 (a) Acurve y=f(x) is suchthat f'(x)= ax? —6x+b , where a and b are constants.
(i) Given that the curve is always increasing, what conditions must apply to a and b?
[3]
(2) | For the curve to be always increasing, i.e. f'(x) >0, that s ]
ax* —6x+b>0
This means that there are no roots, i.e. discriminant < 0.
(-6)" ~4(a)(5) <0
36-4ab<0
36<4ab
ab>9
and a>0
It is now given that a =5.
(i) The curve intersects the y-axis at (0, 4) and passes through the points (-3,-80)
and (3, k). Find the value of k. [5]
(b)

d—y=5x2 —6x+b
dx

y=§x3—3x2+bx+4

When x=-3,y=80.

80 =§(—3)3 _3(=3) +b(-3)+4

_80=-45-27-3b+4
=12

b=4
When x=3,y=k.

k=§(3)3—3(3)2+4(3)+4
=45-27+12+4

=34
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This question is not related to part (a).

2
(b) Itis given that y =g(x) is a solution of the equation ¢ (j—x}z-) - 2% + yJ =—¢*, where

kis a constant. The point (1,0) is a stationary point on the curve y = g(x).
Find the nature of this stationary point. (3]

(b)

Since it is a stationary point, % =0. Together with (1, 0),

we can substitute x =1, y =0, % =0. The equation is

Since exponential functions are always positive, we have

—e™** to be negative.
2

Since —:x—'f <0, by 2 derivative test, (1, 0) is 2 maximum

point.
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