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2
Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the guadratic equation ax”+bx+c =0,

_ ~b1b* —4ac

2a

X

Binomial Expansion

(a +b)" =q" +(T]a"“b +(:] ap+... +[’:Ja”"br +.

nt nn-=-1)..(n-r+l)
(n—r)!r!_ r!

. e n
where 7 is a positive integer and ( J =
r

2. TRIGONOMETRY
Identities
sin?4 + cos?4d =1
sec’4 =1 + tan? 4
cosec’d = 1 + cot?4
sin(4+ B)=sin A cos Bxcos4sinB
cos (At B)=cosd cos B ¥sin 4 sin B

tan A+tan B

tmn(A+B)Yy= ——M—
an ( ) I+tan Atan B

sin24=2sin A4 cos 4

cos 24 =cos* 4 —sin*4=2cos?4-1=1-2sin’ 4

tan 24 = 2tan;4
1-tan"A4

Formulae for AABC
a b c

sind sinB sinC
a* = b% + ¢c? - 2bccos A4

A= +besind

..+b"
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3

1 A triangle has a base of length (6 + 2ﬁ) cm and an area of (17 + 7\/'?) cm’.
Find, without using a calculator, the perpendicular height to the base of the triangle, in

cm, in the form (a +bf7 ) , where a and b are integers.

[3]
2 Solve the equation \/5—vx+1 =Jx . [4]

[Turn over
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4x+2
The equation of a curve is y = , Where x >—1.
vx+1

ax+b

(a) Find L) , leaving your answer in the form
dx (x+1)

(b) Explain why the curve is a increasing function.

, where a, b and »n are constanis.

BP-566
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4 Theline 2x+3y =12 intersects the curve y* =4x—8 at points 4 and B.
Find the value of p and ¢ for which the length of 4B can be expressed as p\/a . [6]

[Turn over
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6

The height, # m, of a baseball above ground ¢ seconds after it has been hit is given by
h =c+24r—41*, where ¢ 1s a constant.

(8) Ifc=1.65, express A in the form A = p+g(z+r)* where p, g and r are constants

to be determined. Hence, state the maximum height attained by the baseball and
the time at which this occurs.

(b) Find the range of values of ¢ if the baseball did not reach a height of 40 m.

[4]

2]

BP-568
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6 A curve is such that % =125 +15¢7%

The point P(O, —2) lies on the curve and the normal to the cutve at P is parallel to the

y-axis. Find the equation of the curve. [6]

[Turn over
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8

7  The equation of a curve is y = kx* + kx + p , where p and k are constants.

(a) Show that p> % for which the curve lies completely above the x-axis. 3]

() In the case where k=2 and p = 4, find the values of m for which the line
y =mx—4 is a tangent to the curve. [4]
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8 (8 Divide 2x* +5x% +5x+9 by x* +3x. [1]

3 2
(b) Express 2 +53x ;5x+9 in partial fractions. [5]
X +3x

[Turn over




9  The value, $¥, of a watch is related to ¢, the number of years since 1980.
The table below gives the value of the watch in 1990, 2000, 2010, 2020.

10

Year 1990 2000 2010 2020
t (years) 10 20 30 40
V(% 7200 9600 12 800 17 200

(a)

Plot In¥ against ¢ and draw a straight line graph to illustrate the information.

BP~572
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(b)  Find the gradient and the intercept of the vertical axis of your straight line graph.
Hence, express Vin the form 4e*, where 4 and & are constants. [4]

{¢)  Explain what the constant 4 represents. (1]

[Turn over
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10 (a) (i) Write down the first four terms in the expansion of (3- 2x)’. [2]

(i) Find the coefficient of x° in the expansion of (1 —7x? )(3 - Zx)T ) [2]
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13

1
(b) In the binomial expansion of (x + E] , Where k is a positive constant, the coefficient of
X

—Is- is 8 times the coefficient of x*. Find the value of k. (5]
X

[Turn over
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14

11 The triangle ABC is such that 4 is (9,9), B s (1,—3) and Cis (p.q) where g>p.
C lies on the perpendicular bisector of 4B and area of triangle ABC is 26 units?.

(a) Find the equation of the perpendicular bisector of AB. (4]

(b) Find the coordinates of C. [3]
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15
12 (a) The graph of y = gsinbx+2 has one maximum point at (%:E ,7J and the next maximum

point after this has coordinates [%TTC 7] . Find the values of ¢ and 5. [2]

(b) (i) Sketch, on the same diagram, the graph of y = —4cosd4x and y = —ix+ 4 for
T

0 < x < @ radians. [4]

(i) Hence, state the number of solutions to the equation % cosdx—1=0 for
n

0<x<

[2]

(SR

[Turn over
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16
13
P A s
D
B
R
/
o T

In the diagram, PORS is a kite, where all four points lie on the circumference of the circle.
RS =RQ and PQ = PS. OT is a tangent to the circle at 0.

(a) Show that LOPS=2x/ROT . (3]
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(b) A circle can be drawn passing through 4, B, C and D, with BD as the diameter.
Given that 4, B, C and D are midpoints of PS, PQ, OR and SR respectively, what can you
deduce about quadrilateral ABCD? [4]

[Turn over
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18

14 A particle travelling in a straight line, has a velocity, v m/s, at time ¢ seconds, ¢ >0, given by
v=3sin2t —4cos2t.

(a) Find the initial acceleration of the particle. [2]

(b) Find the total distance travelled by the particle in the first 1.5 seconds. [8]
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Continuation of working space for question 14(b).

END OF PAPER
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2
Mathematical Formulae
1. ALGEBRA

Quadratic Equation

For the quadratic equation ax* + bx + ¢ =0,

r= —b++b —dac
- 2a

Binomial Expansion

(a+b) =a"+ Mo et v 4| a4
1 2 r

_nt nnr-D.(n-r+])
_(n-r)!r!_ r!

, " . n
where » is a positive integer and ( )
-

2. TRIGONOMETRY
Identities
sin?4 + cos?4 = 1
sec’d4 =1+ tan’4
cosec’A = 1 + cot? 4
sin (4 + B)=sin 4 cos B & cos 4 s B
cos(A+*B)=cosAdcosB ysmAsmB

tan Attan B

tan (A +B)= ————
lxtan Atan B

sin24=2sin 4 cos A

cos 24 =cos’Ad—sinA4=2cos’ 4-1=1-2sin’4

an2d= 2EA
1—-tan”A4

Formulae for A ABC
a b c

sin 4 B sinB - sinC
a?=5b%+ ¢? - 2bccos 4

A = Lbcsind

A4 b"

BP-~604
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1 A ftriangle has a base of length (6+2ﬁ) cm and an area of (17 + 7ﬁ) cm?.

Find, without using a caleulator, the perpendicular height to the base of the triangle,

in c¢m, in the form (a+b\ﬁ ) , Where a and b are integers. [3]

%(6+2\f’7)xh=(17+7\ﬁ) - [M1]

_ 2(17+7«ﬁ ) Alternative
- 6+2+7 :

) (17+747)(3-47) — k=(34+14ﬁ)(6—2\ﬁ) -
e T (o) (ea)

51177 +21J7 - 49 i h=204-68\ﬁ+84\ﬁ—196

e i 36-4(7)

h=2+;ﬁ : h=8+186ﬁ

h=1+247 —[Al] . h=1+247 —[Al]

2 Solve the equation v/5—+x+1 =+/x . [4]
5-VJx+1=x--[Ml]
S5—-x=+x+1
(S—Jc)2 =x+1

25-10x+x* =x+1

¥t —11x+24=0
3o-s)-0 |

Students must show the relevant method in solving quad. equation (either factorisation or quad.
formula). Failure to do so would result in the loss of M1; Al would still be awarded accordingly.

x=3 orx=8 (rej)

Sy
[Al] [Al:no Al if students do not reject]

[Turn over
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The equation of a curve 1s y =

(a) Find % , leaving your answer in the form

4x+2

Jx+1

,where x> —1.

ax+b

. [2]
- (x+1)"

Methed 1: Quotient Rule

- 4zl —(4x+2)[%}(x+1)_%

x+1

&
2x+1
dx+1-
_ Vx+1

x+1
_Ax+D)-(2x+1)

(x—l—l)%
2x+3
(J1:+1)3

—[Al]

— [M1]

Method 2: Product Rule
%:(%u)(é]@n)i (1) +(x+1) (@) — [M1]
2x+1 4
- +
\/(?H)a Vx+1
_ 2x-1+4(x+1)
(Jc+1)3
_ 2x-1+4x+4
(x+1)3

(b) Explain why the curve is an increasing function.

Since x > —1,

(x+1)3 >0, and 2x+3>0

2x+3
(x+l)3

dy

Since

Ml

>0, forx>-1 —9-‘?X>0
dx

Al

>0, y is an increasing function.

[2]
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4  Theline 2x+3y=12 intersects the curve y* =4x-8 at points 4 and B.
Find the value of p and g for which the length of 4B can be expressed as pﬁ ) [6]

2x+3y=12 —(1)

¥ =4x—-8 —(2)

From (1):

2x=12-3y --(3)

Subst (3) into (2):

¥* =2(12-3y)-8 — [M1]
¥y =24—6y-8

3 + 6y =16 = - [M1] No Ml if students do not show
working for factorisation/

(y-2)(y+8=0 quadratic formula. Award the

y=2ory=-8 remaining marks accordingly.

wheny =2,
2x=12-3(2)
x=3

. A(3,2) - [Al]

when y = -8,

2x =12-3(-8)
x=18

- B(18,-8) --- [Al]

Length of 4B /(18- 3)> +(-8-2)? — [M1, allow ecf]

=v325

=513
~[p=5,q=13]—[Al]

Alternative
2x+3y =12 (1)
¥ =4x-8 - (2)
From (1):
12-2x
= -3
y 3 (3)
Subst (3) into (2):
2
[12—2;;] 48§ - [MI]
3
12-2x)
%24,5_3

144 —48x + 4x° =36x— 72
4x% —84x+216=0 —[M1]
x*-21x+54=0
(x-3)x-18)=0
x=3orx=18

whenx =3,
_12-2(3)
YT

y=2
.. 4(3,2) —[A1]

when x =18,
_12-2(18)

Y=

y=-8

- B(18,~8) - [Al]

Length of 4B :\J(18—3)* +(-8—2)* — [MI]
=325

=513

|
|
|
|
|
|
|
|
|
|
|
[
f
|
|
|
|
|
|
|
|
:
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
r
f
|
|
|
|
|
|
|
|
|
|
|
|
|
| ~[p=5g=13]—[Al]
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5  The height, & m, of a baseball above ground ¢ seconds after it has been hit is given by
h = ¢+ 241 —41%, where c is a constant.

(8) Ifc=1.65, express & in the form &= p+q(z +r)* where p, g and r are constants

to be determined. Hence, state the maximum height attained by the baseball and
the time at which this occurs. [4]

h=1.65+241 41
=1.65— 4> — 6¢)

=1.65—4(* — 6t +3%)+4(3?) - [M1 for completing the square. Awd if wrong ¢ val subst ]
- M - " 2
=37.65—4(t - 3)2 —[Al] Note: M1 is not awarded if students wrote (-3)

max. height: 37.65 —[Al]

time: 3 seconds or £ = 3 —{Al] j|> Awarded even if completed square form is partially correct.

(b) Find the range of values of c if the baseball did not reach a height of 40 m. [2]
A 424t +c=40 Alternativel
A8 + 24t +c—40=0
h=c+24t— 4t
Since ball did not reach 40m, = _.4(;2 6t EJ
there is no solution to the equation. 4
- B —dac<0 = (2 -3y ~ (3" —E]

a=—4 b=24 c=c-40 c
= 4{(t-37-9-]
24 — 4(—4)(c—40) < 0 — [M1] = —4(t~3) +36+¢c — [MI]
576—-640+16c <
16¢c < 64

c<4—[Al]

36+c <40
c<4--[Al]
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d’y
6 A curveis such that e 12¢% +15¢7™.
The point P(0,-2) lies on the curve and the normal to the curve at P is parallel to the

y-axis. Find the equation of the curve. [6]

Y_ j 1265 + 15 dx
dx

125 157
= +

6 -3
=2e% -5¢ ¢¢

+¢ - [M1]

atx=0, §}_’:2_5+c -— [M1 for subst. x =0 into El-Ji]
dx dr
=¢-3
mtangenta.tP: 0
Se—3=0--[Ml1]

c=3
. & =2e% - 57 +3
dx

y= I2eﬁx —5e 43 dx

bx —3x
=260 50 S d — M1 allow )
eﬁx =3x
= + +3x+d
3
atx=0, y=-2,
1 5
E4__3_4.533_2h--[Ml,a.llowec:f]
2+d =-2
d =—4
Gx -3x
,-_y=e?+5" +3x—4 —[Al]

[Turn over
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8

The equation of a curve is y = kx” + kx+ p, where p and k are constants.

k . . i
(a) Show that p> 1 for which the curve lies completely above the x-axis.

a=kb=kc=p
k* —4(k)(p) < 0 -—[MI]
k(k—4p)<0

Since k >0,k —4p <0 ---[M1, need to see both inequalities formed]
4p>k

k
>Z Al
P> [Al]

(b) Inthe case where k =2 and p =4, find the values of m for which the line
y =mx—4 is a tangent to the curve.

athk=2p=4:y=2x"+2x+4
2% +2x+4=mx—4 — [M1]
2x° +(2-mx+8=0

Since y = mx —4 is a tangent to the curve,

(2-m)* ~4(2)(8) =0 — M1]
4—Am+m’—64=0

m2 —4m-60=0 Students must show the relevant methed in solving quad. equation
(either factorisation or quad. formula). Failure to do 50 would result
(m+6)(m-10)=0

in the loss of M1; Al would still be awarded accordingly.
m=-6 orm=10 —[Al]

(3]

(4]

BP-610
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() Divide 2%’ +5x* +5x+9 by x*+3x.

2
243X %5 gy
x +3x
3 2
(b}  Express 2x +53x ML, partial fractions.
x +3x

5%’ -x+9 _ 5%’ -x+9
x* +3x x(x* +3)

5x*—x+9 _A, Bx+C
x(x*+3) x  x*+3

— [MI]

5% —x+9= A(x* +3)+(Bx+O)x
whenx=0, 9=34= A=3 —[Ml]

By comparing coefficients: ~1=C -—[MI]

5=A+B= B=2-[Mi] )

22X +5x%+5x 3 2x-1
S =24 T4
x +3x X Xx°+3

—[A1]

[1]

[5]

BP-~611

If students made error in
partial fraction
decomposition or long
division, award M1 (ecf)
for correctly applying
substitution/ comparing
coefficients to find
numerators. Max. 1mark.
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The value, $¥, of a watch is related to ¢, the number of years since 1980.
The table below gives the value of the watch in 1990, 2000, 2010, 2020.

Year 1990 2000 2010 2020
# (years) 10 20 30 40
V(8) 7200 9600 12 800 17 200

Plot In¥ against ¢ and draw a straight line graph to illustrate the information.

BP-612

(2]

(@
t (years) 10 20
V(% 7200 9600 12 800 17 200
nV 8.88 9.17 9.46 9.75
i .

_:: B1: Correct points plotted
| B1; Straight line, passing through vertical axis.
1 Allow best fit, if points are plotted wrongly.




(b)

©

11

Find the gradient and the intercept of the vertical axis of your straight line graph.

Hence, express Vin the form Ae”, where 4 and k are constants.

Using 2 points on straight line graph plotted:
(15,9.02) and (35,9.61)

9.61-9.02
35-15
= 0.0295 — [M1]

{Acceptable range: 0.0275 to 0.0315)
C =18.59 (Accept: 8.57, 8.58, 8.6, 8.61) —-[Al]

InV =0.0295¢ + 8.59 -—[M1]

0.0295¢48.59
V=e *

0295 859
Vo= 002950 g

V =5380¢" (3 s.f) —[Al]

Explain what the constant 4 represents.

A represents the value of the watch in 1980. --- [B1]

[Turn over
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10 (a) (i) Write down the first four terms in the expansion of (3 - 2::)7 . 2]

(3-2x) =% +G)(3)6 (-2x) +[Z](3)5 (-2x)’ +[§](3)“ (-2x) +... ~[M1]

= 2187 +5103(—2x)+ 5103(4x*) + 2835(—8x") + ...
= 2187 -10206x +20412x" - 22680x’ +...
[Al: do not award Al if students did not give four terms]

ii) Find the coefficient of x° in the expansion of (1-7x)(3-2x T 2
(i) [2}
(1-7x%)(2187 —10206x +20412x* —22680x° +...)

Coefficient of x* : 1(~22680) — 7(~10206) —[M1: award if seen/implied; allow ect]
= 48762 ——-[Al]
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I
10 (b) In the binomial expansion of (x + E) , where £ is a positive constant, the coefficient of
X

| I : . .
— is 8 times the coefficient of x°. Find the value of £. [5]
x

1 (kY
Tr+!=(r]xu [;J —-[M1]
11
=[ ]xll—Zrkr
r

Forx® term:
11-2r=3
2r=8
r=4

: 3 1 1 4 4
Coefficient of x° : 4 k' =330k
M1 for either

correct
Forx™ term: -
11-2r=-5 M1 for either
correct
2r=16

s /

11
Coefficient of x™° - [ o ]ks =165k°

165k

co— =8 — Ml
330k* (MI]
k=16
k=2 --[Al]

[Turn over
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11 The triangle ABC is such that 4 is (9,9), Bis (1,-3) and Cis { p,q) where > p.

C lies on the perpendicular bisector of AB and area of triangle ABC'is 26 units?.
(a) Find the equation of the perpendicular bisector of 45. [4]

M erpendicular bisector — —3_ -"[Ml}

midpoint of AB: [9;1 923J (5,3) --[M1]

Equation of perpendicular bisector:

y—3=—%(x—5) —[M1]

2 1
=—Zx+6- —[Al
y=-3x+63 [Al]
(b) Find the coordinates of C. [3]
coordinates of C:{ p,q) Alternative
AB = J(6 -1 +(9+3)
=+/208
9 I S
P =26 — [MI]
29 ¢ 3 9 ]
1 Ex 208 xh =26 --- [M1]
5[(swq—3p+9)—(9p+q-?_’/)]=26 s
9q-3p+9-9p—g+27=52 V208
13
Bg—12p=16 =75
2¢-3p=4 -——-()
q=—gp+6l -—={2) (x—5)2+[~3x+61—3]2 SR, VY
3 3 3 3 A3
Sub (2) mto (1)

2 2 .1Y

5 1 x°—10x+25+ —§x+3§ =13

A-2p+6-)-3p=4 p
3 3 o —10x+25+ 3,2 40, 100 45

2A-2p+19)-9p=12 9" "9 g

2 —
4p+38-9p=12 13x% —130x+208 =0

x*-10x+16=0
—13p=-26 (x—-8)(x=2) =0
p=2--—[Ml] x=8orx=2

2 1
= = 2 -
whenp=2,9 3( )+63 whenx =8,y =1 -- (rej)

g=35
whenx=2,y=5

- C(2,5) —[Al]

- C(2,5)—[A1]
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12 (a) The graph of y=asinbx+2 has one maximum point at [247—[7) and the next

maximum point after this has coordinates (%n 7). Find the values of ¢ and b. [2]

amplitude of graph: 7-2=5
.a=5-{Bl]

period of graph:%?- - %I =q

%=n—+b=2--—[Bl]

(b) (i) Sketch, on the same diagram, the graph of y =-4cosdx and y = —£x+ 4 for

0 <x < radians. [4]
Y4

-4

B1: Correct shape and max/min. y value of cosine graph; B1: number of cycles and labelling on x-axis for cosine graph

B1: Correct slope and y-int of linear graph; B1: correct x-int of linear graph.

. . . X
(ii) Hence, state the number of solutions to the equation — —cosdx—~1=0 for

T
0<x<X.
2 [2]
f, —cosdx—1=0 Students must show the manipulation of
T equation to contain the expression of the
¥ graphs on each side. Do not award any
—cosdx =-2+1 mark if students do not show any
T M1 manipulation of the equation but wrote
4 down the correct final answer.
—4cosdx=——x+4

n

From graph, there are 2 intersections for 0 < x < T

[ =]

- no. of solutions: 2 — [Al]

[Turn over
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13
P 4 S
D
B
R
C
0 T

Tn the diagram, PORS is a kite, where all four points lie on the circumference of the circle.
RS=RQ and PQ = PS. QT is a tangent to the circle at Q.

(a) Show that ZOPS=2x/RQT . [3]
Let ZROT =
ZQPR = ZRQT (alt. segment theorem / tan. chord theorem) -— [M1]
=
ZQPR=2Z5PR - [M1]
=
ZQPS = Z0PR + ZSPR
=a+a
=2a [Al]
=2x ZRQT (shown)

Alternative

Let ZROQT =ex
ZRQT = ZQSR (alt. segment theorem / tan. chord theorem) — [M1]
Z0OSR = ZSOR (base £, isos. triangles)
ZSRQ =180°— ZQSR — ZSOR — [M1]
=180°-2«
ZOPS =180° —(180°~2a) (s in opp. segment)
=2a

[Al]
=2x ZRQT (shown)

-1m from the whole of question 13 for missing/wrong geometrical
reason(s).
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(b) A circle can be drawn passing through 4, B, C and D, with BD as the diameter.
Given that 4, B, C and D are midpoints of PS, PQ, QR and SR respectively, what can
you deduce about quadrilateral ABCD? [4]

Since A and B are midpoints of PS and PQ, 3

by midpoint theorem, AB = %QS and AB//QS.
> [M1] for either.
Since C and D are midpoints of RQ and RS,

by midpoint theorem, CD = %QS and CD//0S. )

SinceAB=~;-QS and CD=—;—QS — AB=CD

Since AB//Q8 and CD//QS — AB//CD

Since AB = CD and AB//CD, ABCD is a parallelogram. --- [M1]

£BAD =90° (1t. angle in semicircle} — [M1]

Since ABCD is a parallelogram with £BAD =90°, ABCD is a rectangle. - [A1]

Alternative

Since B and C are midpoints of PQ and QR respectively, by midpoint theorem, )
BC= %PR and BC // PR.
\ [M1] for

either.
Since 4 and D are midpoints of PS and SR respectively, by midpoint theorem,

AD=%PR and AD // PR.

S BC=ADand BC// AD --- [M1]
Hence, ABCD is a parallelogram.

£ZBAD (or £ZBCD) =90° (1t. angle in semi circle) . ~— [M1]
Smee ABCD is a parallelogram with ZBAD =90°, ABCD is a rectangle. — [Al1]

-Im from the whole of question 13 for missing/wrong geometrical
reason(s).

[Turn over
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14 A particle travelling in a straight line, has a velocity, v m/s, at time ¢ seconds, t >0, given

by v=3sin2f—4cos2t.
(a) Find the initial acceleration of the particle.

a=3(cos2r)(2)-4(-sin2¢)(2)
= 6cos 2t + 8sin 2t - [M1]

att=0, a=6cos0+8sin0
=6 --—-[Al]

(b) Find the total distance travelled by the particle in the first 1.5 seconds.

When particle comes to rest, v=0,
3sin2t—4cos2t =0 — [M1]
3sin2t = 4cos 2t

sin2t 4

cos 2t 3

tan2t=-:- — M1]

Basic Angle: tan™ G] =0.92729 (5 s.f)

2 =0.92729, m+0.9272, ...
t =0.46364 (5s.£), ... —[Al]

BP-~620
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(8]
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Continuation of working space for question 13(b).

s=j33in2t—4cos2tdt

=— % cos 2t —2sin 2t + ¢ — [M1 for correct integration of trigo functions]

att=40,s=0;
0=-~;—cos()—2sin0+c -— [M1]

3
c==

.'.S=——3-C()52t—28in21+§-
2 2

att=0.46364, s = —%cos(flx 0.46364) — 2s5in(2x 0.46364) + —g- -~ [M1, allow ecf]
= ~0.99999 (5s.f)

att=15s5= —%cos(le.S) —Zsin(2x1.5)+% - [M1, allow ecf]
=2.7027 (5s.f)

Total distance: 2x0.99999+2.7027 =470 m (3 s.f) —[Al]

END OF PAPER
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