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_NAME: ___ ISR, G R —— _ CLAsSS:
Mathematical Formulae
1. ALGEBRA
Quadratic Equation

For the equation ax’ +bx+c=0,

_-b:i:ijz—4ac

x=
2a

Binomial expansion

\

(a+b)"=a“+£ '; }a""b+( ; Ja"“2b2+..‘+{ 2 \)a""b’+...+b",

Y ow an=D(r-r+D)

. s n
where n is a positive integer andL = =
r ri(n—-r)! r!

2. TRIGONOMETRY
Identities
sin® 4+cos’ 4=1
sec? A=1+tan’ 4
cosec’A=1+cot’ 4
sin(AiB)zsinAcosBicosAsinB
cos(A+ B)= cos Acos BFsin Asin B
tan Attan B
15 tan Atan B

tan(A+ B) =

sin2 A= 2sin Acos 4
cos24 =cos® A—sin® A= 2cos® A-1=1-2sin* 4

e 2ta11;4
1—tan® 4

Formulae for AABC
a b c

snd sinB soC
@ =B +c*—2bccos 4

A= lclbsinC
2
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Answer all the questions.

3
1 Show that the equation 2(¢* — 3}=e* has only one solution and find this value correct to

3 significant figures. (4]
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d b are constants. The equation of the

and of b.
[6]

2 The equation of a curve is y = ax® + b, where g an

normal to the curve at the point where x=11s 5y + 2x=12. Find the value of 2
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3 Given that y = 3 ln22 % for x>0,
x
(a)  Show that E}—) = —33— (1-2In2x). [3]
dr «x
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(b)  Hence, find jl—“-f—x dx . 3]
X
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4 Given that f(x) = x* —ax +3, where 4 is a constant,
(a)  find the range of values of @ for which f (x) > x—1, for all real values of x, [4]

(b)  find the value(s) of a for which the line Yy=a-+4 is a tangent to the curve y = f (x).

[3]
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5 (a) A and B areacute angles such that sin(4 -B)= % and sin Acos B = % .

2]

Without using a calculator, find the value of cos 4smB.

(b)  Express 2sin 260(secf—tand)as a guadratic expression in sind. [3]
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(c) Use your answer to part (b) to find, for 0< 4 <27, the exact solutions of the

equation 2sin 2@(sec - tan &y +3=0. [3]
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6 Acurveissuchthat@i:%—z.
de x

(i) Given that the curve passes through the point (1, 5}, find the equation of the curve. 31

(2]

(i) Find the x—coordinates of the stationary points of the curve.

10
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2
(iii)  Obtain and expression for -&x—f and hence, or otherwise, determine the nature of

each stationary point. [3]
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7 (a)  Write down the first three terms in the expansion, in descending powers of x,
m 9
of [xz +—) . where m is an integer. [2]
X
m g9
(b)  Given that the coefficient of x* in the expansion of (xz + —) is —126,
x
@ show that m=-1, [3]
12
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(ii) hence, find the term independent of x in the expansion of

[2—-%)[,& -ﬂ] _ [4]
X X
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8 The table shows the population, P, in thousands, of a small town decreases with time, ¢ years.
K 9 12 15 18 | 25 33
‘ P ( 274 203 151 112 83 \ 41 18
(a)  Show your working clearly and draw a straight line graph of In P against f on the
(3]

grid provided.

(b)  Find the gradient of your straight line and hence express P in the form of 4e™,

where A and k are constants. giving your answers cotrect to the nearest hundred and
[4]

to 1 decimal place respectively.

emains valid, find the number of years it will take

If this model for the population
wi to drop below 100000. Give your answer

©

for the population of the small to
[2]

correct to the nearest year.

14
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8(a)

N
T:
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9 The diagram above shows two rods AB and BC of length 4 m and 9 m respectively and

/ABC =90°. Rollers are fixed at points 4 and B such that 4 is able to move along the wall
e to move along the celling. The horizontal distance of C from the vertical wall

and B is abl
isdm.
Ceiling
| B
4m 9m
e
A
- »C
dm
Wall
(a)  Show clearly that d=4sind+9cosf. 2]
FMS(S) Sec 4 Express Preliminary Examination 2024 16
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(b}  Express d in the form R cos(& — a)where R > 0 and 0° < o < 90° (4]
() Find the value of @ for which d= 6 m. 2]
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{2]

(d) Find the maximum value of d and the corresponding value of 4.
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10 A particle moves in a straight line such that, ¢ s after passing through

a fixed point O, its
displacement from O is s m. The velocity v ms™

of the particle is such that v = 6cos4r .

(a) State the initial velocity of the particle. [1]

(b)  Find the first value of ¢ when the acceleration of the particle is equal to 8 ms™2.

[2]

(c) Find the displacement of the particle from O when ¢ = 4. [3]
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(d) Find the total distance travelled by the particle for the first %r seconds. {s]
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11 The diagram below is not drawn to scale.

4

F(-1, 2)//

O X

D(7,4)

]

£(1,-6)

In the diagram, D, E and F are points on the circle C,.

(a) Show that DE is the diameter of the circle Cj and hence find the centre of C}. [5]
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(b)  Find the equation of the circle C; in the form x* +y* + px+qy+r=0, where

p, q and r are integers. i3]
©) Given that the circle C; is a reflection of the circle Ci in the line x =~-2, find the
equation of Cz. 2]
22
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(d)  Explain why point (3, 4) lies within only one of the circles Cyand C, [2]
~ End of Paper ~
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BP~147

On. Solution Marks AO
1 1 3
2(e" -3 =g?
L
Lety=e?,
20* -3) =y MI (substitution)
2y*~y—6=0
QCy+3)(y-2)=0 M1 (factorization)
3
=-= or =2
y 3 ¥
L3 1, 3
e’ =—= (rej. as -ve) e? =2 e
2 Al (reject 2)
1 ~n2 (Did not award marks
Ex B for students who
x=2In2 squared both sides and

=139 (3s.0)

Therefore, the equation has only one solution where x=1.39

could not justify why
they rejected one
answer when they
ended up with 2
answers)

AGl1




BP-148

y=ax +b

Y 3ar?

S5y+2x=12
S5y=-2x+12
2 12

=—Zx+—
y=TEETS

Grad of normal = —%

Grad of tangent =

SRR

Atx =1,
2 12

=—Z()+—

y S() s

y=2

Atx=1y=2
2=a(l)’ +b

Substituting @ =% into (1)

§+b=2
6

b=1
6

dy
B1 (find —
( ; )

B1 (grad of
tangent)

M1 (find y = 2)

M1 (for either (1)
or (2))

Al (for a)

Al (for b)
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3a _ 3In(2x) ]
x2
2(32))
£y_= x ( 2 6xIn2x MI (Apply
dx ( x2 )2 quotient rule)
- 3x-6xln2¢ M1 (Able to diff
x
In2x= 2 -1 J)
2x x
=3 (1-2n2 Al
= F( ~2In2x)
3b M1 (reverse

J‘[is~—6;]n2x]dx=3]n2x+c

X x x?

differentiation —

must include + C)

MI (integrate —!3—)
X

Al(must include +
C)

{Whole question will
only deduct once if
they did not put + C)
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4a f(x)>x—1
2 —ax+3>x-1 M1 (form
inequality)
x*—(a+)x+4>0 (students who
. o .. equated both eqns
Since it is always positive for all real values of x, the graph of | yggather will not get
the curve y=x —(a+1)x+4 lies entirely above the x-axis M1 unless they
explain that there
—, the equation x* —(@+1)x+4=0 has no real roots are no real roots and
i lead to D<0)
Discriminant, D <0
(a+1)* —4()4@) <0 M1 (Discriminant
(a+1)* - 4 <0 less than zero)
(@a+5)a-3)<0 M1 (Factorization}
-5 i
T
n—5<a<3 Al
4b y= f(x)
y=a+4
xt—ax+3=a+4 MI (equate
¥ —ax—a-1=0 equations together)
Since the line y =a+4 is a tangent to the curve, this equation
has equal real roots
Discriminant, D=0
(—a)* —4()(—a-1)=0 M1 (D=0)
a*+4a+4=0
(a+2)a+2)=0
La=-2 Al
5a sin(4 — B) =sin Acos B —cos 4sin B
cos Asin B =sin Acos B—sin(4 - B) M1 (make
cos Asin B the
5 8 subject)
-1 Al
4
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5b 25in 20(sec 6 — tan §) 2
. 1 sing
=2(2sin fcos 9)(0056 _cose] MI (double angle
formula)
:Z(ZSinﬂcosﬁ)(l—sng M1 (bring cosé@
cosd
under same
denominator)
‘—“4Sil’19'—481.1'129 Al
5¢ 25in26(secf~tanF) +3=0
4sin@~4sin’ #+3=0
4sin* @ —4sin@-3=0
(25in@+1)(2sing-3)=0 MI (factorize)
o, 1 A R M1 (show both and
smé= -3 or gsing= 3 (rejected) must reject one)
T
a==
6
g s
9=ﬂ+]5_’2”"€ Al (must be in
17 1x terms of 7 as gn
6= T asked for exact
solns)
6(i) 8 )
=||—=-2idx
v=](2
8 .
y=—;—2x+c M1 (with + ¢)
Atx=1y=5
§o_ § ~2(1) +¢ M1 (Sub in values)
1
c=15
Equation 0fcurve:y=-—§—2x+15 Al
x
RO P
dx
LR M1
X
8
2 =2
x2
=4
X=2 or x=- Al (both answers)
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6 2
(3 idx%{ = ~£ M1 (2™ derivative)
X
Atx =2,
2
. Maximum point atx =2 Al
Atx=-2,
2
f'_%;_ - __..1_6_3_ = — lg_ =250
dx (-2) -8
-, Minimum point at x = -2 Al
{for students who
got part (i) wrong,
maximum mark is
1M if M1 shown)
7a 4 9 ' (9 2 B2 (3 terms all
S+ =xt (xz)8 i (xz)7 Ly
x 1 x 2 x correct)
= % 19 m +36m X + .. B1(2 terms correct)
7h(i)

9
m
For (xz + -—J , general termis {r + 1)™ term
X

9 3
n—126= m
5

~126=126m"

m*=-1

m=-1

M1 (general term)

Al{r=5)

AGl1
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Th(ii) m
For (xz +—J , the term independent of x:
x
18-3r=0 M1
r==6
9 [} 6
6 m” =84(-1) °=84
Al
1 > 4 ? )
For | 2- =37 || ¥ +— . the term independent of x:
x x
1 3 9
2—-x—3 (...-126x +84+._.)
=2x84+126
M1
=294
Al
8a t 6 | 9 | 12 | 15 | 18 | 25 | 33 | |FP2~Plotpoints
{years) accurately.
p 274 1 203 | 151 | 112 | 83 | 41 | 18 | |L1-Plotstraight
line graph
InP 561 | 531 | 502 | 4.72 442 | 3.71 | 2.89 (See graph
attached.)
8b P=Ade™
InP=1Inde* M1 (product law or
mP=ln4+Ie™ if evidence shown in
InP=lnA—k transformation from
InP=—kt+In4 eqn of graph to
P=Ae™)
561-4.72 .
Grad = ——6:5—._1-57— M1 (gradient)
= -0.0989 (3 5.0)
—k =-0.0989
k=0.1(1 d.p) Al
InA=6.2
A=49275 BI
4 =500 (nearest 100) (if students did not

. P — 5008—0.11

use the gradient of
line to solve for k
and A, maximum
mark is 1M as
question mentioned
hence.)
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M8c n100=4.6 Ml
When nP =46 Al
¢ =16 (nearest year)
9a Ceiling
F
1
i
|
1
|
“ C
wall
EB = 4sin8
M1
BF =9cosé
d =4sin8+9cosd AG 1
9b R=+81+16
R=97 M1 (Find R)
9cosf+4sinf = R(cosfcosa +sin @sin )
9=Rcosa
1 gi
4= Rsina M1 (No M1 given
if student do not
tana =g show this)
o =23.962°(3d.p)
a =24.0°(1d.p) M1 (Find @)
9cos @+ 4sin @ =97 cos(68—24.0°) Al
9¢ J97 cos(0-23.96°)=6
cos(0~23.96%) = —= M1
' Jo7
8=52.467°+23.96°
0=76427°~764° Al (no A1if76.5)
|
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9d Maximum value of ¢ = \/ﬁ Bl ]
cos(#—24.0° =1
=240 Bl
Maximum value of d = \/SE and occurs when @ = 24.0°
10a v==6cos 4t
Whenz=0v=6
Initial velocity of the particle is 6m/s. Bl
1 dv
Ob a=i‘i=—24sin4t M1 (=)
dt dt
—24sin4r=8
sindt=—=
3
4t =3.4814
£=0870 (356 Al
10c s=_f6cos4t dt
g = 6 sindz +¢ M1 (integration
g with + ¢)
S==sindt+c¢
2
When£=0,s =0, AT (conclude c=0)
c=0 {students who used
3. definite integral
§= Esm 4t must indicate when t
When ¢ = 4, =0,5=0)
5= gsin 16
2
§=-0.432
Displacement = —0.432m 3 sh Bl
10d At instantaneous rest, v =0
6cosdr=0 Ml (v=10)
cosdr=0
4== , 3
2°2
;a3 M1 (values of )
8’ 8
L _
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M1
When t = z ,
8

§= 3sinE =1.5m

2 2 Mt
When ¢ = 3 ,

8
5= 3 sin 3 15m
2
Total distance travelled Al
=(15%2)+15
=4.5m
11a Solution 1
Grad BF =2 ’1(‘? —4 M1 (Find grad)
4-2 1

dDF = =—
Cra -1 4 B1 (Show - 1)
Since Grad DF x Grad EF = —4x—3 =-1
-.DF L EF B1(Conclude 90°)
/DFE =90° (Right angle 1 i-circl

(Right angle in sermi-cHe °) AG 1 (State reason
-. DE is the diameter of C, angle i semi-
circle)
Since PQ is the diameter of C,
1+7 ~6+4
Centre of ;= (—-2—,-—5—-] Bl
= (4> '_1)
11a Solution 2

DF =J(7+1) +(4-2) =~/68
EF =JQ+1? +(-6-2)’ =68
DE =71y +(4+6) =136

DF* + EF? =(JE§)2 Jr(\/is.'s)2 =136

M1 (Find distance)

4
DE? =(J136) =136 B1 (Show this
.+ DF? + EF? = DE* statement)
By converse of Pythagoras theorem, triangle DFE is aright | g1(Conclude 90°-
angled triangle. Therefore ZDFE =90°. must state
Pythagoras thm)

10
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Since /DFE =9(°
By converse of right angle in semi-circle

AG | (State reason

angle in semi-

<. DE is the diameter of C, circle)
Since PQ is the diameter of o
1+7 —6+4
Centre of C,= | —,
entre of C, ( 3 5 ]
= (4,-1) BI
b | Radius of ¢,=f@-12 (-1-(~6))* =34 Bl
—4y =34 M1
Equation of C,;: =4+
x*+y" —8x+2y—17=0 Al
Hc Centre of C, = (-8,—1) Radius = 34 B1 (centre)
Equation of C,: (x+8)* +(y+1)> = 34 Bl
11d Distance of £ from centre of C,
=JB-4+(4+1)
= /26
<radius of | M1
Distance of E from centre of C,
=J3+8) +(d+1)
= J146
> radius of C,
(3, 4) lies within C, only Al

11
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