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Mathematical Formulae
1. ALGEBRA
Quadratic Equation
For the equation ax’ +bx+c=0,
b+ ~4ac
Xx=
2a

Binomial Theorem

nl _n(n-—l) ........ (n—r-i—l)_

n—r)!r! - rt

. e n
where 7 is a positive integer and( ) = (
r

2. TRIGONOMEIRY

Identities
sin? 4+cos* A=1
sec’ A=1+tan” 4
cosec’ A=1+cot’ 4
sin{A4+ B) =sin Acos B+cos Asin B
cos(A+ B)=cos Acos B¥sin 4sin B
tan( A+ B) = tinAitanB
1F¥tan Atan B
sin2A4=2sin Acos A
cos2A =cos? A—sin* A=2cos* A—-1=1-2sin* 4
2tan 4

Formulae for AABC
a b c

sin 4 B smB B sinC
@ =b*+c¢*—2bccosd

A=-1—bcsinA
2
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Answer all the questions.
Section A (41 marks)

1 A manbought a new car. The value of the car depreciated with time so that its value, $P, after
¢t months’ use is given by P =175 000e™ where k is a constant.

{a) Find the value of the car, $ P, when the man bought it. [1]

The value of the car is expected to be $162 000 after eight months’ use.

(b)  Show that k =0.01. [2]

(¢)  Use the result from part (b) to determine the age of the car correct to the nearest month,
when its value reached half of the original value when the man bought it. [2]
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2 A calculator must not be used in this question.

(a)  Show that cot15°=~/3+2. 4]

(b)  Use the result from part (a) to find an expression for cosec’15°, in the form p+q\/§
where p and ¢ are integers. [2]
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3 Given that Lm(/‘zez" —%e‘“} dx= % where m is a positive constant,

(a) show that 4™ —12&"" +5=0. [3]

(b)  Use the result from part (a) and a suitable substitution to find the value of m. [4]
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4 The point A lies on the curve y=xInx. The tangent to the curve at 4 is parallel to the ling
y=2x+3.
(a) Find the exact coordinates of 4. [4]

The normal to the curve y=xInx at 4 meets the line y =2x+3 at the point B.

(b)  Show that the x-coordinate of B is k(e—2), where k is a constant to be found.  [3]
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5 (a) Prove the identity 1-cos2x+sin2x

=fanx.
1+cos2x+sin2x * [3]

(b)  Hence solve the equation I-cos2x+sin2x 3cot2x for 0°<x <180°. [4]

I+cos2x+sin2x
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2 cm

A 8 cm

e C

The diagram shows two rods 4B and BC rigidly hinged at B so that angle 4BC =90°. The
lengths of 4B and BC are 2 cm and 8 cm respectively. The point C is fixed on horizontal
ground and the rod BC rotates in a vertical plane with the rod BC nclined at an angle 8 to the

ground.

(a) Show that the height, # cm, of A above the ground is given by h=asin@—bcos8,
where 2 and b are integers to be found. f2]
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(b}  Using the values of @ and b found in part (a), express 4 in the form Rsin(6-a),

where R >0 and OSaSg-. (4]

(¢)  Hence, state the maximum value of % and find the corresponding value of 4. [3]
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Name:

( ) Questions

10| 11

Marks
Class:

Section B (49 marks)

7 The cubic polynomial f(x) is such that the coefficient of x* is 1 and the roots of f(x)=0 are

1-x.

(a)  Show that 2m’ —3m’ +m—30=0.

(b)

this equation.

m, 2m and (1-m), where m > 0. Itis given that f(x) has a remainder of 30 when divided by

[3]

Hence, find a value for m and show that there are no other real values of m which satisfy

[4]
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8 TItisgiventhat y= 1
Ji+x
dy o x+3 :
(a)  Show that —— can be written in the form ——=—, where p is a constant. [4]
dx pf(1+ xy

(b) Giventhat y is changing at a consant rate of 0.6 units per second, find the rate of change
of x when x=3. [2]
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x+3
3(1+x)

(¢)  Use the result from part (a) to evaluate J: dx. [4]

3
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The diagram shows a cylinder of radius 7 cm inscribed in a sphere with a fixed internal radius
of 8 cm.

(a)  Given that the curved surface area of the cylinderis § cm?®, show that
ds 871'(32 —r* )
dr  Jea-r*

[5]
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(b)  Given that r varies, show that S has a stationary value when the height of the cylinder
is equal to twice the radius of the cylinder. [3]

(¢)  Determine whether this value of S is a maximum or a minimum. [2]
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10 The equation of a circle is x* +y* +4x—6y—12=0.
(a) Find the radius and coordinates of the centre of the circle. [4]

(b) Find the shortest distance of the centre of the circle to the line y=2x—3 and hence
explain whether the circle intersects the line y =2x-3. [6]
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Continuation of working space for Question 10(b).
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JF

0
The diagram shows part of the curve y=1-sinx passing through the point A The curve
touches the x-axis at the point B.

The gradient of the tangent to the curve at 4 is 1 and the normal to the curve at 4 meet the

x-axis at C.

Show that the area of the shaded region is %(ﬁ —1)units®. [12]
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Continuation of working space for question 11.

END OF PAPER
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A man bought a new car. The value of the car depreciated with time so that its value, $P, after
¢t months’ use is given by P =175 000 where k is a constant.

(a)

Find the value of the car, $P, when the man bought it. f1]

When =0,

P =175000¢*
P =175000 [Bi]

The value of the car is expected to be $162 000 after eight months’ use.

(b)

Show that £ =0.01. [2]

When =8,

175000e™ =162000 [M1]
o 162000

e =

" 175000
1162000

8 175000
k =0.0096487
k=0.01 [Al]

(c)

Use the resuit from part (b) to determine the age of the car correct to the nearest month,
when its value reached half of the original value when the man bought it. [2]

175000 = 175000
2

M1]
it =l
2
-0.01z = ]n-1~
2

1

1
t= —
-0.01 2
t=69.31
t =70 months [A1]
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A calculator must not be used in this question.

()

Show that cot15°=+/3 +2.

LHS =cotl5®
1
"~ tan(60°—45°)
-1- tan60°—tan45°}
"| 1+ tan 60° tan 45°
=1+ _ﬁi_}
L1+(\/§)(1)
special angles]
_1+J§
J3-1
”1+\/§x\/§+1
-1 3+1
_ 1+23+3
=
(v3) -(1y
_2J3+4
2
=+3+2
=RHS (shown)
OR
cotl5
_coslS
sinl3
_ cos 60cos45+sin60sin 45 (M1

sin 60cos45 —cos60sin 45
1><—1—+\/§
2 V22
o1
2 V2 2
1+43
_ 2
A
202
1+J_ 1+J_ M1
ST
_3+2\/3_'+1
T 3-1
=2++3[41]

+><——

72

[M1 — application of additional formula]

[M1 — exact values of trigonometric functions for

[M1 — multiplication by conjugate]

[Al]

]

[4]
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OR
cotls

1
" tan(45-30)
_1+tan45tan30

[M1]
tan 45 tan 30

1
1+1x——
=_h_\/_i[M1]

-
NEY
1+\/_ 1+J_
RN J_[ 4
34243 +1
T30

=2+/3[41]

OR

sinl5
_ cos45c0s30+5in45sin30

sin45cos 30— cos45sin30

[M1]

1+J_ 1+3
B f[ 1
3424341

3-1
=2++/3[4]1]

(M

I
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(b) | Use the result from part (a) to find an expression for cosec’15°, in the form pgV3
where p and g are integers. [2]
cosec’15°  =1+cot’15° [M1 — application of special identities)
=1+ («/5 + 2);2
—1+3+4/3+4
=8+43 [Al]
= 4(2 +f3 )
OR
cosec’15°
1
sin?15°
=cot15°x o+c0515°
sin
( 3+ 2) X ———————
sinl5° coslS°
(JE’; + 2) X

sin{45-30)° cos(45 30)°

={3+2}x [M1—app of comrectly formed special identities]
(B2 d
4 4

J§+2
6-2
10

(\/§+2)x¥

= 43 + 8 A1)

=

Given that I: [262‘ w-z-e'z"] dx = :j:, where m is a positive constant,

(a) | show that 4¢*™ —12¢"" +5=0. [3]
Im(zeb: _ge—li dx =_§
0 2 4
—2x
e + e .3 [M1 - integration]
4 ], 4
—2m
e + L —l:l +§:l _3 [M1 — substitution of limits]
4 41 4
e Al
4e*" [All
4¢*™ —12¢*" +5=0 (shown)
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(b) | Use the result from part (a) and a suitable substitution to find the value of m. (4]
4e*" —12¢ +5=0
Let u=¢™",
At —12u+5=0 [M1 — substitution]
(2u-5){2u-1)=0 [M1 — factorisation of quadratic equation]
5 1
U=— oI U=—
2
e2m = E ot eZm = l
2 2
2m = ]11% or 2m= ln-;- [M1 — application of In]
m= 1 In 3 or m= 1 In 1
2 2 2 2
m=0458 or m=-0.347 (reject)
Therefore, m =0.458. [Al - includes rejecting m =—0.347]
The point 4 lies on the curve y =xInx. The tangent to the curve at 4 is parallel to the line
y=2x+3.
(a) | Find the exact coordinates of A. [4]
m,=2
dy
—=2 Ml
» [MI1]
Given y=2xInx,
% == x(—l-J +Inx [M1 — differentiation using product rule]
X
& =l+Inx
dx
l+lnx=2
Inx=1
x=e [M1]
When x=e,
y=ele
y=e

Ale.e) [Al]




6

BP-492

The normal to the curve y=xInx at 4 meets the line y =2x+3 at the point B.

(b) | Show that the x-coordinateof B is k{e—2), where k is a constant to be found.

Let equation of normal at 4 be y=mx+c.

m=—%, Afe,e€)

y-—e=—%(x—-e) [M1]

clxilere
Y 2 2

y=—%x+%e -eq (1)
y=2x+3 -eq{(2)
)=(2)

—-—l-x+ée—2x+3 [M1]
272 T

--nge—3

2

3 6

x=—e——

5 5

x= %(e—2) (shown) [A1}

(31

l-cos2x+smm2x _

(a) | Prove the identity tan x.

1+cos2x+smn2x

_1—cos 2x+sin2x
1+cos2x+sm2x
1—(1—25i112 x)+23inxcosx

LHS

- 1+(2c»::ps2 x-1)+25inxcosx

where 2x is removed and this step allows for factorization next]
_ 1-1+2sin” x+2sinxcosx

1+2cos?x—1+2sinxcosx
_ 2sin’ x+2sinxcosx

2cos’ x+2sinxcosx
2sinx(sin x+cos x)

= - [M1 — factorisation and simplification]
2 cos x(sin x +Ccos X)

_sinx

= [Al]
COSx
=tanx

OR

[M1 — application of trigonometric identity

[3]
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LIS
_1—cos2x+sin2x

1+cos2x +sin2x
l—(c:os2 x—sin? x)+25inxcosx

1+(cos2 x—sin? x)+25inxcosx

_ cos” x +sin’ x —cos’ x —sin® x + 2sin xcos x

- : - M1 — application of trigonometric
2 2 2 2 L
cos” x+sin“ x +cos” x —sin” x+ 2sinxcos x

identity where 2x is removed and this step allows for factorization next]
_ 2sin’ x+2sinxcosx

2cos® x+2sin xcos x
2sin x(sin x+cos x}

= - [M1 — factorisation and simphfication]
2cos x(sin x +cos x)

_sinx

[Al]
cos x

=tanx

(b)

Hence solve the equation I-cos2xtsin2x 3cot2x for 0° <x <180°. [4]

I+cos2x+sin2x

l—cos2x+sin2x

- =3cot2x
1+cos2x+sin2x
tan x =3cot2x
tanx = 3
tan 2x
3 o
tan x = Stany [M1 — application of double angle formula]
1-tan® x
3(1-tan’ x)
tanx=————~
2tanx
2tan® x =3-3tan’x
Stan’x =3
fan? x =2
5
3 i : . i
tanx =+ 3 [M1 — forming trigonometric equation]

Range: 0° < x<180°.
x is 1n all quadrants 1 and 2.

Reference angle =tan™ % [M1 - reference angle]
=37.76124°

x=37.8° and x=180°-37.76124°
x=1422° [A1 — for both answers]
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2 cm

8 cm

a C

The diagram shows two rods 4B and BC rigidly hinged at B so that angle ABC =90°. The
lengths of AB and BC are 2 cm and 8 cm respectively. The point C is fixed on horizontal
ground and the rod BC rotates in a vertical plane with the rod BC inclined at an angle & to the
ground.

(a) | Show that the height, 72 cm, of 4 above the ground is given by A=asin&@-bcos8,
where a and b are integers to be found. [2]

hcom

BD =2cos8

BE =8sin¢ [M1 —both BD and BE]
h=8smf-2cosf [Al]
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(b)

Using the values of a and b found in part (a), express # in the form Rsin{6-a),

where R >0 and OSas%. [4]

8siné—2cosd =Rsin(f-a)
=Rsinfcosa —Rcosfsina

Reosa=8 -eq(l1)

Rsina=2 -eq(2) [M1 - application of addition formula and forming
2 equations]

R=+8"+2% [M1-R]
R=1/68
R=2/17/825
2
tana=§ M1 - tane ]

o =0.24498 rad

Therefore 8sin6-2cos  =2+17sin(6~0.245) [Al]
(¢} | Hence, state the maximum value of # and find the corresponding value of 8. [3]

k=217 sin (6~ 0.24498)

b =2\17/8.25cm Bl - 4]

At maximum,

sin(&-0.24498) =1 [M1 -sin{6-0.24498)=1]
(6-024498) =2

6=182 rad [Al]
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Name: ( ) Questions
Marks
Class:
Section B (49 marks)

7 | The cubic polynomial f(x) is such that the coefficient of x* is 1 and the roots of f(x)=0 are
m, 2m and {1—m), where m>0. It is given that f{x) has a remainder of 30 when divided by

1-x.

(a) | Show that 2m® —3m’ +m-30=0. [3]
Given roots,
f(x)=(x—m){x—2m)(x=1+m) M1]

f(x)= (x2 —2mx—mx+2m2)(x—l+m)
:(x2 —3mx+2m2)(x—1+m)

= —x? +mx =3mx® +3mx—3mix+2m*x—2m’ +2m>  [M1 — expansion]

Given, f(1)=30,

1=1+m—3m+3m=3m* +2m* —2m* +2m> =30
2 —3m? +m—30=0. (shown) [A1]

(b) | Hence, find a value for 7 and show that there are no other real values of m which
satisfy this equation.
[4]

Let g(m)=2m’ =3m* +m-30.

g(3)=2(3) -3(3)" +3-30=0
Hence, (m—3)is a factor of g(m). [M1 — first factor]

2m® —3ma® +m—30 = (m—3)(2m" +km+10)

Equating coefficient of mz,
~3=k-6
k=3

Therefore,
2m® —3m +m—30 = (m—3)(2m* +3m+10)

M1 - quadratic factor
(2m” +3m+10)]

For (2m2 +3m +10) ,
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Method 1

b - 4ac =3"-4(2)(10) [MI - discriminant]
b —4ac=-71<0
Since 5° —4ac <0, 2m® +3m+10=0 has no solution.

Method 2

-3+./3* -4(2)(10) )
m= [OR M1 ~ quadratic formula]

2(2)
T3V
4

There is no solution.

Solving 2m* +3m+10= 0,
m =3 is the only solution and hence 2m” +3m+10=0 has one real root, m=3. [A1]

It is given that y =

x—1

1+x

(a)

o +3 .
Show that 4 can be written in the form _x___3 , where P is a constant. [4]
dy p(l+x

x-1
V14 x
1

o (M)(l)-(x_l)@(nx)-s o |
= = 5 (M1 — application of quotient law for
- (Viex)
differentiation] [M1 — correct terms]
-Jl+x_[ x-1 J

| Nl+x

(1+x)

2(1+x)—(x-1)

- 2(*1&*;‘ [M1 - Simplification]
X

24 2x—x+1

- 2 (1+x)3
__*+3
2J(1+x)

y =

[Al]
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(b) | Giventhat y is changing at a consant rate of 0.6 units per second, find the rate of change
of x when x=3. (2]
b Y, &
dt dx dt
06 = __xij X & [M1 — connected rates of change]
2J(1+x) ¥
d_x. =06+ —_ﬁ-—§_3
dt 2,/(1+x)
2J(1+x)
=0.6x ———(—)—
x+3
6y(1+x)
~ 5(x+3)
When x=3,
de 6y(1+3)
d¢  5(3+3)
=1.6 units per second. [Al]
3 x+3
(c) | Use the result from part (a) to evaluate L = dr. [4]
3(1+x)

[M1 — reverse of integration]

[M1 — correct relationship]

y _ x—1
N+x
dy _ x+3
dx 2 (1+Jc)3
Js x+3 . :[ x—1 :r
" 2(1+x) Vitxl,
r x+3 dy =2[ x-17T
° (l+x)3 1+x ],
3.[: x+3 : i =2[ —1 23
3,/(1+x) 1+x g
J-s x+3 dx =2[ x-17T
"3 J(1+x) 3LV1+x g
_2i(3-1 J_ 0-1
J1+3) A1+0

e |
[y
+
[
—

Il

1
Whs Wit wik

} [M1 - application of limits]

[Al]
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The diagram shows a cylinder of radius  cm inscribed in a sphere with a fixed internal radius

of 8 cm.

(a)

Given that the curved surface area of the cylinder is § cm’, show that
ds  8z(32-r)

T 7 5
& Jea_r? Bl

Let the height of the cylinder be k.

By pythagoras theorem,

2
(EJ +rt =8
2

2
f;_ +ri =64 [M1 - application of pythagoras theorem]

Because 2> 0,

h= 4(64—r2)
h=2 (64—#)
S =2nrh

S=dzry64—r* [M1 — forming § = 47ry/64—7* |
ds 1 t 1
- =4z[r(ij(64—r2) 2(—2r)+(64—r2)2:|

[M1 — differentiating using product
rule]
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=4 +

o (64-r7)

1

(64-r):
/
gy - +64-r?

i

(64 -7t )5

p

-2r*+ 64
(64 -7 )%
87 (32 -r )

64—r*

=4

(shown}

1

[M1 - Simplification]

[A]]

(b)

Given that 7 varies, show that § has a stationary value when the height of the cylinder
is equal to twice the radius of the cylinder.

Method 1

For S to have a stationary value, %'5— =0.

87:(32—r2)
R WS Ay
64 -7
(32-7*)=0
=32

y >0, hence ¥ =+32 =4-\/E

When rzﬁ =4ﬁ.
h=2 (64—(4\/5)2)
h=2032=8J2

h=2r

87
2

[Al]

Hence, the value of § has a stationary value when the height of the cylinder is equal to

its diameter.

Method 2

Given h=2r,

2,}(64-—?*2) =2r
(64—1'2) =r

64—r* =7

2r° =64

rf =32

r=432 (r>0)

(3]

[M1 — finding 7]

[M1 — finding » ]
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ds 87 (32-r7)
dr V64-r?
When r = \/35,
sx(szmﬁz)
6432
=0

% [M1 - subsitution of 7]

[Al]

Since % =0, § has a stationary value when the height of the cylinder is twice its

radius.

©

Determine whether this value of § is a maximum or a minimum.
Method 1

s 87(32-r%)

2]

dr 64— r*
x V32 V32 32
. d
Sign of Ey + 0 _
Sketch of tangent - ~
Sketch of curve NG
[M]1 — first derivative test]
Therefore, at 7 =+/32, § is a maximum. [A1]
Method 2
E 875( )
dr 64—r?
1 1 1
s (647 (8z)(-2r) -8z (327 )[5](64—#) 2(-2r)
arr 64 —*

[M1 — second derivative]

_l6zr(64-~ )2+81rr(32 r )(64—r2)“%

64—r*
When r=4«/§,
%rz_f :—16n(4\/§)(64—(4~/5)2)5+8ﬁ(4ﬁ)(32—(4@)2)(64-(4ﬁ)z)_5
4—(4«/5)2

f—;‘g 64742 (32) -0

- 32

_=512x

EY)

=-503<0
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Since o <0, §is maximum at r=4v2. [A1]
10 | The equation of a circle is x*+y* +4x—6y—12=0.
(a) | Find the radius and coordinates of the centre of the circle. [4]
Method 1
(:’c—a)2 +(y—b)2 =r
x* +y: —2ax—2by+a’ +b’ ~r*=0
2g=4 2b=-6
a=-2 b=3 [Bl1- a] [Bl- b}
Centre {-2,3)
at+b —-rt=-12
2 2 2 _
(-2) +(3) -+ =-12 [M1 — substitution]
r=>3 [Al—r]
Method 2
2+ +2gx+2fy+c=0
Centre is (—g,—f)
Given x* +3* +4x—6y—12=0.
2g=4 2f=-6
g=2 f=-3
Centre (-2,3) [Bl- a] [Bl- b]
r=yfleg’-c
2 2
’"*\/("3) +(2) ~(-12) [M1 — substitution]
r=35 [Al— 7]
(b) | Find the shortest distance of the centre of the circle to the line y =2x—3 and hence

explain whether the circle intersects the line y =2x-3. [6]
The shortest distance is the line perpendicular to the line y =2x-3.

Let the equation of this line be y =mx+c.

m:—% and Centre (—2,3) [M1 — gradient m=——;-]
1
~3=——(x+2
y 5(x+2)
y .—__% x+2 [M1 — equation of perpendicular to line]

To find the point of intersection D,
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2x-3=~ —;- x+2 [M1 — simultaneous equataion]
Ex=5
2
x=2
y=2(2)-3
y=1
D(2,1) [B1 ~ coordinates of D]
Distance between Centre and D
~J(2+2) +(1-3) [M1 - line segment]
=20
=2/5/447

Since 2«/5 /4.47 <5, the shortest distance is shorter than the radius of the circle, the

circle intersects the line y=2x-3. [Al]

11

(2

The diagram shows part of the curve y =1-sinx passing through the point 4. The curve
touches the x-axis at the point B.

The gradient of the tangent to the curve at la is 1 and the normal to the curve at 4 meet the
x-axis at C.
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Show that the area of the shaded region is %(:r —1)}units®.

Let coordinates of B be (5,0).
l1-sinx=0
smx=1

b=x=

SR

bl

B(% Oj [B1 — coordinates of B]

Let coordinates of 2m be (x,y).

& =—CoSX [Ml—gx]
dx dx
—cosx=1

cosx=-1

xX=7

When x =,
y=1-sinz
y=1

A(m.,1). [B1 — coordinates of 4]

Let equation of AC be y=mx+c¢

m =—1 [M1 — gradient of normal, m,]
A(ft,l)

y-l=—(x-7)

y=—x+1+7x [M1 — equation of line AC ]

Let coordinates of C be (c,0).

—x+1+72=0
x=1+7
C(1+7,0) [B1 — coordinates of C]

Area of shaded region
=J.;(1—Siﬂx) dx+%><[(1+7r)—n']x1 [M1 — area under curve, E(l—sinx) dx]
2 2

PR | . 1
= I:x—(—cosx)]% i) [M1 — area of triangle EX[(1+JI')-—7T]X1]
=[x+cosx]z +% [M1 ~ integration [x+cosx]x ]
2 2

= {(n— +cosz)— {—725 +c0s %ﬂ + % [M1 — substitution of limits]

[12]
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fM1 — comrect evaluation, including area of

[Al]

END OF PAPER
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